Abstract. The aim of the present paper is to establish some new integral inequalities of Opial type involving functions of three independent variables and their partial derivatives. Our results yields in the special cases some of the inequalities recently appeared in the literature.
Introduction
In 1960, Z. Opial [4] established the following inequality.
1)
where the constant factor h 4 is best possible. The inequality (1.1) has received a wide attention in the literature, and in numerous papers new proofs, extensions, variants, and discrete analogues of inequality (1.1) are presented, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and the references cited therein. In a recent paper [11] , Salem obtained the following analogue of (1.1) in three independent variables. Theorem B. Let f (r, s, t), f 1 (r, s, t), f 12 (r, s, t) and f 123 (r, s, t) be continuous functions on △ = [a, k] × [b, m] × [c, n] and let f (a, s, t) = f (k, s, t) = f (r, b, t) = f (r, m, t) = f (r, s, c) = f (r, s, n) = 0 for a ≤ r ≤ k, b ≤ s ≤ m, c ≤ t ≤ n. Then 
3)
The inequality (1.2) is motivated by the similar inequality in two independent variables established by Yang in [12] , see also [5] [6] [7] [8] [9] [10] . The main object of this paper is to establish some new integral inequalities which are the three independent variables analogues of some of the inequalities recently established by Pachpatte in [5] [6] [7] [8] [9] [10] . An interesting feature of our results is that, the analysis used in their proofs is quite elementary and in the special cases they yield the inequality in (1.2) as well as some other inequalities given in [11, Theorem 2] .
Statement of Results
In what follows we denote by R the set of real numbers.
where we have used the notation
where ′ dentoes the derivative of a function, and we have written H for H(|f (r, s, t)|),
For convenience we list the following hypotheses.
the range of the function f (r, s, t) and for all p(r, s, t) of the forms 
we note that the inequality (2.2) is recently established by Salem in [11, Theorem 2] .
Theorem 2. Assume that the hypotheses (A 1 ) and (A 2 ) hold. Then
Remark 2. We note that the inequality given in Theorems 1 and 2 can be considered as further extensions of the inequalities established by Pachpatte in [7] and we believe that these inequalities are of independent interest. 
Remark 3. We note that the inequalities established in Theorem 3 is motivated by the similar inequality established by Pachpatte in [7] . By taking H(p) = p 2 and hence H ′ (p) = 2p in (2.4) and applying Schwarz inequality to each integral on the right side of (2.4) and then substituting x = a+k 2 , y = b+m 2 , z = c+n 2 , it is easy to observe that the inequlaity (2.4) reduces to the inequality given in Theorem B. If we take H(p) = p α+1 , where α ≥ 0 is a constant, and hence H ′ (p) = (α + 1)p α in (2.4) and apply Hölder's inequality with indices α + 1, (α + 1)/α to each integral on the right side of (2.4), and take x = 
Remark 5. We note that, the inequality given in Theorem 5 can be considered as a further extension of the inequality given by Pachpatte in [9] . In the special case when f i = f and H i = H, then the inequality (2.6) reduces to
If we take N = 2 in (2.7), then we get the following inequality 
which in turn, when α = 0 reduces to the inequality given in Theorem B, where M is defined by (2.3).
Proof of Theorem 1
In order to prove Theorem 1 we obtain the estimates in the following eight cases.
Case 1. Let (r, s, t) ∈ △ 1 and define
From (3.1) we obtain
and
From the hypothesis (A 1 ), it is easy to observe that
From (3.4)-(3.6) and (3.1)-(3.3) we observe that |f (r, s, t)| ≤ h(r, s, t), (3.7)
Using the hypotheses (A 1 ), (A 2 ) and from (3.1) the fact that h(r, s, t) is nondecreasing for s and t on [b, y] and [c, z] respectively and (3.7), (3.3), (3.2) we observe that
Case 2. Let (r, s, t) ∈ △ 2 and define h(r, s, t) = Now, by following similar arguments to those in the proof of Case 1, but with suitable modifications, we obtain the following estimates in Cases 2-8:
20)
21)
23) 
This completes the proof.
Proof of Theorem 2
In order to prove Theorem 2, we require to obtain estimates in the Cases 1-8 as discussed in the proof of Theorem 1. We consider the details of Case 1 as follows.
Case 1. Let (r, s, t) ∈ △ 1 and define a function h(r, s, t) by (3.1) in the proof of Case 1 in Theorem 1. As in the proof of Case 1 in Theorem 1, (3.2)-(3.9) hold. Then by using the hypotheses (A 1 ), (A 2 ) and from (3.1) the fact that h(r, s, t) is nondecreasing for s and t on [b, y] and [c, z] respectively and (3.7), (3.3), (3.2), we observe that
The estimates in Cases 2-8 as in the proof of Theorem 1 can be obtained by following the similar arguments as in the proof of Case 1 given above but with suitable modifications. We omit the further details of the proof.
Proof of Theorem 3
To prove Theorem 3, we obtain estimates in the Cases 1-8 as discussed in the proof of Theorem 1. We give the details of Case 1 as follows. Case 1. Let (r, s, t) ∈ △ 1 and define a function h(r, s, t) by (3.1) in the proof of Case 1 in Theorem 1. As in the proof of Case 1 in Theorem 1, (3.2)-(3.9) hold. Then by using the hypotheses (A 1 ), (A 3 ) and from (3.1) the fact that h(r, s, t) is nondecreasing for s and t on [b, y] and [c, z] respectively and (3.7), (3.3), (3.2) we observe that
The estimates in Cases 2-8 can be obtained by following the similar arguments as in the proof of Case 1 and in view of the proof of Theorem 1 with suitable modifications. Here we omit the further details.
Proof of Theorem 4
To establish the inequality (2.5), we consider the following eight cases.
Case 1. Let (r, s, t) ∈ △ 1 and define a function h(r, s, t) by (3.1) in the proof of Case 1 in Theorem 1. As in the proof of Case 1 in Theorem 1, (3.2)-(3.9) hold. Then by using the hypotheses (A 1 ), (A 4 ) and by the same reasoning as in the proof of Case 1 in Theorem 1, we observe that
The proof of the remaining seven cases follow by the same arguments as those of given in Theorem 1 and in view of the proof of Case 1 given above. Here we omit the further details.
Proof of Theorem 5
In order to establish the inequality (2.6), we obtain the estimates in the following eight cases. Case 1. Let (r, s, t) ∈ △ 1 and for i = 1, 2, . . . , N define
From (5.1) and in view of the hypotheses (A 5 ) and (A 6 ), it is easy to observe that (3.2) to (3.9) hold by replacing h and f respectively by h i and f i for i = 1, 2, . . . , N . Then by hypotheses (A 5 ), (A 6 ) and by using the same reasoing as in the proof of Case 1 in Theorem 1 with suitable modifications we observe that h N −1 (r, y, z))H N (h N (r, y, z) ) ×D 1 h N −1 (r, y, z) h 1 (r, y, z) )H 2 (h 2 (r, y, z)) · · · H N (h N (r, y, z) )D 1 h 1 (r, y, z)]dr
The estimates in the Cases 2-8 can be obtained by following the proof of Theorem 1 and the similar arguments as in the proof of Case 1 given above with suitable modifications. We omit the further details.
Remark 6. The multidimensional integral inequalities of the Opial type are established by many authors, see [1, 3, [6] [7] [8] [9] [10] [11] [12] and the references given therein. Here we note that our results are obtained by using quite elementary method and we believe that the inequalities established in this paper are of independent interest.
